We present a study of τ − → π − π + π − ν τ , τ − → K − π + π − ν τ , τ − → K − K + π − ν τ , and τ − → K − K + K − ν τ decays using a 666 fb −1 data sample collected with the Belle detector at the KEKB asymmetric-energy e + e − collider at and near a center-of-mass energy of 10.58 GeV.
INTRODUCTION
The decays of the τ lepton into three pseudoscalar particles can provide information on hadronic form factors, K * resonance spectroscopy, and the Wess-Zumino anomaly [1] , and also can be used for studies of CP violation in the leptonic sector [2] . By studying decays into final states that contain one or three kaons, it is possible to extract strange spectral functions, which can be used for a direct determination of the strange quark mass and the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |V us | [3] [4] [5] . These three hadron decays have been studied since the initial discovery of the τ lepton, but only the decay to three charged pions has been closely investigated. Even for this mode, measurements of its branching fraction have only been provided by the CLEO [6] and BaBar [7] groups. For all other modes, there are still many unresolved problems. For example, the branching fraction for τ − → K − π + π − ν τ decay recently measured by the BaBar collaboration [7] is significantly lower than the values from most previous measurements [8] ; there is large scatter in the measured central values, which is reflected in the large scale factor (2.1) applied by the Particle Data Group when forming their average [8] . Intermediate two-and three-body resonance states in this decay have been previously studied but only with limited statistical precision, see, e.g., Refs [9] [10] [11] . There is evidence for quite rich dynamics, with strong signals for the K 1 (1270), K 1 (1400) and K * (1410) resonances in the three-body final state; other resonances can be seen in various two-body sub-systems. Theoretically, two intermediate resonances, the ρ(770) 0 and K * (892) 0 (or its excitations), are expected to contribute to τ [12] . These are shown in Figs 1(a) and (b), respectively.
Here we present new measurements of the branching fractions for τ
(Unless otherwise specified, the charge-conjugate decay is also implied throughout this paper.) Events in which a π + π − pair is consistent with a K 0 S decay are excluded. Because of particle misidentification, measurements of all four of the above modes are correlated and, thus, are considered simultaneously.
We use a data sample of 666 fb −1 collected with the Belle detector at the KEKB asymmetric-energy e + e − collider [13] on the Υ(4S) resonance, 10.58 GeV, and 60 MeV below it (off-resonance). This sample contains 6.12 × 10 8 produced τ -pairs. The Belle de- tector is a large-solid-angle magnetic spectrometer that consists of a silicon vertex detector (SVD), a 50-layer central drift chamber (CDC), an array of aerogel threshold Cherenkov counters (ACC), a barrel-like arrangement of time-of-flight scintillation counters (TOF), and an electromagnetic calorimeter (ECL) comprised of CsI(Tl) crystals located inside a superconducting solenoid coil that provides a 1.5 T magnetic field. An iron flux return located outside the coil (KLM) is instrumented to detect K 0 L mesons and to identify muons. The detector is described in detail elsewhere [14] .
SELECTION OF EVENTS
Three-prong decays of the τ are selected from candidate τ + τ − pair events as follows. We use events where the number of charged tracks is four and the sum of their charges is zero;
the transverse momentum of each track in the laboratory frame is required to be larger than 0.1 GeV/c, and the tracks should extrapolate back to the interaction point within ±5 cm along the beam direction and ±1 cm in the transverse plane. The sum of the reconstructed momenta in the center-of-mass (CM) frame is required to be less than 10 GeV/c, and the sum of energies deposited in the calorimeter is required to be less than 10 GeV. The largest of the four tracks' transverse momenta is required to be greater than 0.5 GeV/c to reject two-photon events, which typically have low transverse momentum tracks. To reject beamrelated background, we require the position of the reconstructed event vertex to be less than 3 cm from the interaction point along the beam direction, and separated by less than 0.5 cm in the transverse plane. The missing mass, M 2 miss = (p init − tr p tr − γ p γ ) 2 , and the polar angle of the missing momentum in the CM frame are efficient variables for rejecting two-photon and Bhabha backgrounds. In the definition of the missing mass, p tr and p γ are the four-momenta of measured tracks and photons, respectively, and p init is the initial CM frame four-momentum of the e + e − beams. We require that the missing mass be larger than 1
GeV/c 2 and less than 7 GeV/c 2 , and that the polar angle with respect to the beam direction in the CM frame be larger than 30
• and less than 150
• . Detailed information on the τ + τ − pair selection and background suppression using missing mass can be found in [15] .
Particle identification is used to select τ events that contain one lepton (electron or muon) and three hadrons (pions or kaons). The magnitude of thrust is evaluated and is required to be larger than 0.9 to suppress two-photon and e + e − →backgrounds, where the thrust is defined by the maximum of
Here p i is the momentum of the i-th track andn is the unit vector in the direction of the thrust axis -the direction maximizing the thrust. We require that the angle between the total momentum of the hadrons and the lepton momentum in the CM system be larger than 90
• , since the tag-side lepton and signalside hadrons usually lie in opposite hemispheres: the so-called 1-3 prong configuration, due to the large transverse momenta of τ leptons. The invariant mass of charged tracks and gamma clusters on each side is required to be less than the τ mass. Finally, we require that there be no K 0 S , π 0 , or energetic γ on the signal side, where the selection criteria for these particles are described below. Figure 2 shows distributions of the variables used to select the 1-3 prong sample, where in each case, the selection value is indicated by a vertical line in the figure. The surviving events are candidates for τ
where h 1,2,3 is either a pion or a kaon candidate. At this stage, the efficiencies for reconstructing τ
are 26.7%, 27.5%, 27.2%, and 24.8%, respectively, while the reconstruction efficiencies of the dominant background modes, τ
, and e + e − → qq, are 6.0%, 1.8%, and 0.004%, respectively. The fractions of τ All samples are normalized to the same number of events.
An important issue for this analysis is the separation of kaons and pions. In Belle, dE/dx information from the CDC, hit information from the ACC, and time-of-flight measurements from the TOF system are used to construct a likelihood for the kaon (pion) hypothesis, Figure 3 shows the kaon likelihood ratio,
, as a function of momenta. Clean kaon-pion separation is evident over the entire momentum range relevant for this analysis, where the track momentum ranges from 0.1 GeV/c to ∼5 GeV/c, and the average momentum is ∼1.3 GeV/c. As discussed below, we choose a relatively stringent
) and a less restrictive one for pions (L(K)/(L(K) + L(π)) < 0.9). The kaon identification selection has an efficiency of ∼73% for kaons and rejects ∼95% of pions. The kaon and pion identification efficiencies are calibrated using kaon and pion tracks in data from kinematically identified The filled and open circles correspond to kinematically identified kaons and pions, respectively.
The kaon identification criterion is determined by maximizing a figure-of-merit (FOM), where the requirement on the kaon identification likelihood ratio is varied. The figure-of-merit we used is defined as:
where S is the number of signal events and N is the number of cross-feed background events. For the τ Fig. 4 , where one can see that FOM is indeed maximal for the particle identification criteria used in this analysis. The same FOM analysis was performed for the τ
modes and resulted in similar particle identification criteria. For electron identification, the likelihood variable is calculated based on the track extrapolation to the ECL, the ratio of the energy deposited in the ECL to the momentum measured in the CDC, the measured dE/dx in the CDC, the shower shape in the ECL, and light yield in the ACC [16] . The extrapolation of tracks from the CDC and SVD to the KLM is used to construct the likelihood variable for muon identification [17] . The efficiencies and systematic uncertainties for lepton identification are evaluated by using a γγ → e 
To reduce the feed-down background and to estimate the remaining backgrounds that 
EFFICIENCY ESTIMATION
To estimate the signal efficiency, 97 million signal MC events for the τ
decay mode and 5 million signal MC events for each of the τ
were generated using the TAUOLA [18] based KKMC [19] generator. The detector response for all MC data sets was simulated with the GEANT3 [20] package. The TAUOLA generator provides models for τ and phase-space decay models is around 1%. Similarly, very small discrepancies between the TAUOLA and phase-space decay model are observed in the τ
We used the TAUOLA decay model to evaluate the efficiencies and their dependencies on the invariant mass of τ
not provide any decay model, therefore the efficiency is calculated assuming a phase-space decay. In practice, the efficiencies are evaluated using a two step procedure. First, we evaluate the response matrix for unfolding the mass spectra using the TAUOLA decay model. Next, we recalibrate the efficiencies using the unfolded spectra. Details of this procedure are described in the next section. The average efficiencies and the fractions of the cross-feed backgrounds for all threeprong decays are summarized in Table I . The probability of reconstructing τ
is relatively low, but due to the large branching fraction of τ
mode has a large cross-feed background from τ
BRANCHING FRACTION AND MASS SPECTRUM CALCULATION
The numbers of candidate events in the τ
after applying all selection criteria, are summarized in Table II . Possible backgrounds in these signal candidate samples include (a) cross-feed from the signal modes and (b) other processes such as τ 
To take into account the cross-feed between the decay channels, the true yield N true i (i is the mode number and the values from 1 to 4 correspond to τ
, is obtained using the following equation: 
Generated decay mode We have determined the efficiency (migration) matrix iteratively. First, it is determined using the mass spectra as modeled in the current TAUOLA MC program. (We refer to this efficiency matrix as E
(1) ij ). As is discussed in the next paragraph, we then unfolded the mass spectra of each mode to obtain the true mass distribution. The resultant unfolded mass spectra are then used to determine the efficiency matrix E (2) ij using a weighting procedure. The matrix elements E (2) ij are given in Table I , where the values given in parentheses are the percentage differences between E (1)
ij . Since the efficiency is smooth as a function of hadronic mass, the difference between E (1) ij and E (2) ij is very small (∼1%) in most cases, except for the off-diagonal entries related to the τ
source of these large discrepancies is the mass dependence of the fake rates, together with the considerable differences between the unfolded spectrum and the generated spectrum.
The unfolding procedure extracts the true mass spectra for all four modes, denoted by the vector x, by solving the matrix equationÂx = b. In this equation, b is the vector of the reconstructed mass spectrum with backgrounds other than the three-prong cross-feed subtracted, andÂ is the response matrix.
The matrixÂ takes into account the cross-feed between different modes caused by particle misidentification, as well as the effects of finite resolution and the limited acceptance of the detector. The response matrix is obtained by merging 16 sub-response matrices as shown in For the unfolding algorithm, we follow the method of the ALEPH Collaboration, which is based on the Singular Value Decomposition technique for matrix inversion [21] and advanced regularization [22] . Two independent τ − → h − h + h − ν τ signal MC samples are used to check the validity of the unfolding procedure. One sample is used for the determination of the response matrix. We check the reproducibility of the generated M(hhh) mass spectra with the other sample, and find, for the whole mass range, that the differences are less than 1%.
These discrepancies are included in the systematic uncertainties of unfolding (UNF1 below).
The resulting unfolded normalized mass spectra of the three-prong decays are shown in Fig. 7 , where the error bars indicate the statistical uncertainty only, and the gray bands correspond to the systematic uncertainty. Note that the uncertainties common for all bins are taken into account as the systematic uncertainties on the branching fraction (Table IV) , while the bin-by-bin errors remained in the normalized mass spectra 1/N(dN/dM) are accounted here. The following sources of systematic uncertainties in the mass spectra are considered: the unfolding procedure (UNF1 and UNF2), the kaon identification efficiency (KID), the background estimation other than the three-prong cross-feed (BGE), the effect of γ veto (GAM), and the track momentum scale (MOM). Table III summarizes various contributions to the systematic uncertainties on the normalized mass spectra 1/N(dN/dM) for each decay mode.
The systematic uncertainty due to the unfolding procedure is determined from MC by comparing the generated and unfolded mass spectra (UNF1). Another estimation of the uncertainty of the unfolding procedure is obtained by changing the value of unfolding parameter that determines the effective rank of the response matrix (UNF2). This is the most important systematic uncertainty for KKK mode. The kaon identification efficiency and the fake rate are calibrated by using D * + sample as described in the previous section. The uncertainties due to the particle identification (KID) are evaluated by varying efficiency and cross-feed fraction by one standard deviation in the response matrix. The systematic uncertainty from the background estimation (BGE) is evaluated by varying the branching fraction values used in the MC by one standard deviation. The uncertainty due to the γ veto (GAM) is evaluated by using different selection criteria for photon energy and comparing the resultant unfolded spectra. For the uncertainty from the track momentum scale (MOM),
By comparing the reconstructed masses of φ and D ± mesons with their world average values, we conservatively assign 0.01% uncertainty for the momentum scale. By applying this variation to the reconstructed mass spectra of τ − → h − h + h − ν τ decay and unfolding it, we obtain the uncertainties due to the momentum scale.
The systematic uncertainty varies as a function of the mass of the hadronic system in each mode. The typical uncertainties averaged over all mass bins are evaluated by summing the systematic uncertainties of each bin and ignoring the correlations between bins, and the results are 0.7%, 2.2%, 2.2%, and 9.5%, for the τ
respectively. In practice, we have obtained the covariance matrix for each source of the systematic uncertainties and added them to obtain the total uncertainty. The gray bands in Fig. 7 show the square roots of the diagonal components of the covariance matrix. The off-diagonal components of the covariance matrix are shown in Fig. 8 in term of the correlation coefficients ρ
, where i and j are bin numbers. Figure 7 shows rather large discrepancies between the mass spectra of the generator and our unfolded spectra except for τ In order to determine the branching fraction, we normalize to the number of pure leptonic decays, where one τ decays to τ → eνν and the other decays to τ → µνν [23] (hereafter such events are referred to as { e, µ } events). The branching fraction for the i-th decay mode can then be written as:
where N sig,eµ = 8.1 × 10 6 and ε eµ = 0.221 ± 0.003 are the number of { e, µ } events and the corresponding detection efficiency, respectively. The uncertainty in ε eµ is determined from the lepton identification uncertainties. Here B τ →eνν = 0.178 and B τ →µνν = 0.174 are the branching fractions of τ → eνν and τ → µνν decays, respectively, and B τ →lνν = (KID), the background estimation (BGE), the γ veto (GAM), and the momentum scale (MOM).
The "average" uncertainties (the 2nd, 4-th, 6-th, and 8-th columns) are evaluated by taking average of errors in all bins. The "peak" uncertainties (the 3rd, 5-th, 7-th, and 9-th columns) represent the errors at the peak position of the spectra. See the text for a more detailed description. This normalization method requires a precise measurement of the number of { e, µ } events and a careful determination of the corresponding efficiency. Figure 9 shows a comparison of the invariant mass of the electron and muon system and the cosine of the angle between electron and muon, for real { e, µ } events and the sum of MC expectations. The MC reproduces the data reasonably well. The background fraction is estimated to be 5.9% using MC. After subtracting background, we obtain the number of { e, µ } events. sum of the three-prong cross-feed backgrounds and other background components, respectively. Note that the three-prong cross-feed backgrounds are determined by the unfolding procedure previously described. Table IV summarizes various contributions to the systematic uncertainties on the branching fractions. The uncertainty in the track-finding efficiency is estimated from a comparison of real and MC data for the
The uncertainties due to the kaon and pion identification are evaluated by applying the uncertainties in kaon identification efficiencies to the efficiency matrix in Table I . First, we measure the kaon and pion identification efficiencies and their uncertainties using the con-
Since these efficiencies are applied to the efficiency matrix, we propagate the uncertainties in the kaon and pion identification efficiencies to the covariance matrix of branching fraction measurement. The kaon identification systematic uncertainties for τ
and τ − → K − K + K − ν τ decays are 1.3%, 3.9%, 1.9%, and 5.4%, respectively. For lepton identification efficiency uncertainties, we use γγ → e + e − /µ + µ − events.
In order to take into account the effects of the mass spectra on the branching fraction measurements, we have determined the mass spectra of the four dominant decay modes iteratively. The uncertainties in branching fractions due to the mass spectra are evaluated by varying the unfolded spectra by one standard deviation of their statistical and systematic errors, assuming 100% bin-by-bin correlations for systematic errors. The trigger efficiency for the three-prong modes is ∼86% with an uncertainty of ∼0.6%. This efficiency is obtained using a trigger simulation program applied to the signal MC samples. The uncertainty due to the γ veto is evaluated by using different selection criteria for photon energy. The uncertainty due to the K 0 S veto is evaluated by removing the veto requirement. The uncertainties in background estimation include the effect of luminosity, the cross section for e + e − → τ + τ − , and the subtraction of background from non-three-prong τ decays and continuum e + e − → qq. The uncertainty on the τ decay background subtraction is evaluated by propagating the errors from the τ branching fractions other than those with three-prongs. The fraction of the e + e − →background is negligible for τ
modes, and is 2.0 ± 0.2% and 2.9 ± 0.3% for τ
modes, respectively. The uncertainties in the e + e − →background are estimated from comparison of the number of events in data and e + e − →MC, in the mass region above the τ mass. The effects of the uncertainties in the luminosity and the cross section for 24] are negligible because we use { e, µ } events for normalization. The uncertainties in the leptonic decay branching fractions for the τ are also taken into account. 
For all histograms, the black points with error bars represent the data, the gray histograms are the sum of all backgrounds other than the three-prong cross-feed, and the hatched histograms are the sum of three-prong cross-feed backgrounds. Note that the cross-feed backgrounds are estimated from the unfolding of the data.
The uncertainties shown for the data are statistical only.
After taking into account the backgrounds, the efficiencies and various sources of systematic uncertainties discussed above, we obtain the following branching fractions for threeprong decays: 
+0.06 −0.05 (sys.)) × 10 −3 , and
The covariance matrices for the branching fraction measurements are given in Table V in terms of the correlation coefficients ρ
, where i and j correspond to one of the four three-prong decay modes. There is a strong correlation Using the results of the branching fractions and the correlation matrix, the ratios of the branching fractions involving kaons to the branching fraction of τ
The actual value of the statistical uncertainty of B(τ 
+0.049 −0.053
+0.035
estimated: where the first and the second uncertainties are statistical and systematic, respectively.
DISCUSSION
The results of this analysis for the branching fractions of various three-prong modes are listed in Table VI together with recent results from BaBar [7] . Note that for the τ − → π − π + π − ν τ and τ − → K − π + π − ν τ modes, the branching fractions listed do not include any In Fig. 11 , our results are compared with the previous measurements. For all modes studied, the precision of the branching fractions for both BaBar and Belle is significantly higher than before. 
We have been able to extract unfolded invariant mass spectra for all four modes (Fig. 7) by taking into account the cross-feed effects. A future detailed analysis of these spectra as well as those of the intermediate two-body states will allow studies of the decay dynamics to be performed. 
